






DEPARTMENT OF MATHEMATICS
NEHU, SHILLONG

Ph.D. Model 2020

Marks : 100
Time : Two hours

Attempt any 5 questions from Unit I and any 6 from Unit II.

Unit I
(Each question of this unit carries 8 marks.)

State with justification whether the following are true or false.

1. The permutations (1 2 5 7) and (3 4 1 2 6) of S7 are conjugate to each
other.

2. Let (X, d) be a metric space and F ⊆ X be a finite subset of X. Then
F is closed in X.

3. Lim
n→∞

(
1− 1

n
+

1

n3
− 1

n4

)n
does not exist.

4. The number of prime ideals of the ring Z5 × Z7 × Z19 is exactly five.

5. There is a linear transformation T : R2 → R2 such that kerT = imT .

6. If two n× n real matrices A and B have the same minimal polynomial
then they are similar.

7. If f : [0, 1]→ [0, 1] is continuous, then there exists some point x0 ∈ [0, 1]
such that f(x0) = x0.

8. There exists a differentiable function f : R → R for which f ′ and f ′′

are continuous at x = 1.5 but f ′′′ is not continuous at x = 1.5.

9. Let f : X → Y be a one-one map and let A,B be subsets of X. Then

(i) f(A ∩B) = f(A) ∩ f(B) (ii) f−1(f(A)) = A.
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10. Suppose a second order linear partial differential equation(PDE) is hy-
perbolic in a domain D, then it is also hyperbolic in another domain
D1.

Unit II
(Each question of this unit carries 10 marks.)

11. The group


1 a b

0 1 c
0 0 1

 : a, b, c ∈ R

 under matrix multiplication is

known as the Heisenberg group. Find out the center of this group.

12. Let V be a finite dimensional vector space over a field F. Let {e1, . . . , en}
be an ordered basis of V . Let u =

∑n
i=1 aiei, v =

∑n
i=1 biei, w =∑n

i=1 ciei ∈ V , where ai, bi, ci ∈ F. Show that {u, v, w} is linearly in-
dependent in V if and only if {(a1, . . . , an), (b1, . . . , bn), (c1, . . . , cn)} is
linearly independent in Fn.

13. Find all solutions of the equation y
′′

+ 9y = sin 3x .

14. Show that every linear transformation T : Rn → Rm is continuous,
where n,m are positive integers.

15. Determine all possible ring homomorphisms from Q to the matrix ring
M2(Q).

16. Exhibit a field of order 125.

17. Find how many roots of the polynomial f(z) = 2z5 + 4z2 + 1 lie inside
the disc |z| < 1 and how many lie on the real axis.

18. A band of 17 pirates stole a sack of gold coins. When they tried to
divide the fortune into equal portions, 3 coins remained. In the ensu-
ing brawl over who should get the extra coins, one pirate was killed.
The wealth was redistributed, but this time an equal division left 10
coins. Again an argument developed in which another pirate was killed.
But now the total fortune was evenly distributed among the survivors.
What was the least number of coins that could have been stolen.

19. Prove that 4(29!) + 5! is divisible by 31.
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20. Let A and B be two n × n real matrices such that AB is the identity
matrix. Show that BA also the identity matrix.

21. Solve the equation xux+(x+y)uy = 1 with initial condition u(1, y) = y.
Is the solution defined everywhere?

22. Show that

{
sin nπ

2

n
: n ∈ N

}
is a compact subset of R.

**********
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